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1 Introduction

Instead of imagining space-time as being warped by mass and energy, one can speak of a classical spin-2
graviton field (in flat, Minkowski space-time) that generates gravitation. Although we don’t know yet
how to quantize this field, we can think of it in a way similar to how we think of electromagnetism
being mediated by photons. And just as a 1/r2 Coulomb force generates magnetism when the finite
speed of the mediating photon is taken into account1, a 1/r2 Newtonian gravitational force generates
“gravito-magnetism” when the finite speed of the mediating graviton is taken into account. Magnetism is
fundamentally an electric-force effect2, and gravity must have some analogous “magnetic” force, meaning
a gravitational force proportional and perpendicular to the velocity of a test mass. Einstein showed
that gravity should be non-linear, so we know that the graviton should self-interact. (General relativity
also implies that the graviton should be spin 2.) Taking that self-interaction (and spin-2) into account
should bring us all the way to the equivalent of general relativity. But it may be that in most of the

1See Chris Clark’s paper “Magnetism is not fundamental” at <http://dfcd.net/articles/magnetism.pdf>.
2Even the quantum spin magnetic moment is seen to be a natural electric effect in quantum field theory; see “What is

Spin?” by Hans C. Ohanian, available on my website at <http://aforrester.bol.ucla.edu/educate.php#Outsource>.
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universe (barring black holes, supernovae, et cetera), all you really need to know about gravitation is the
electromagnetic-analogue part (gravito-electromagnetism or GEM) to have an accurate description.

In this paper, instead of taking the “bottom-up” approach just discussed (in which one constructs
GEM by starting from the Newtonian gravity and taking the finite speed of the graviton into account), we
take the “top-down” approach and start with the equations of general relativity, apply some simplifying
assumptions, and obtain the GEM equations. After doing some preparation in sections 2 – 5, we show
that under two assumptions,
(1) low mass-energy density or weak gravitational fields (so we may linearize the Einstein equations)
(2) slow changes3 in matter-energy (so we may neglect second order time derivatives)
Einstein’s field equations of general relativity,

Gµν =
8πGN

c4
Tµν ,

become

∇ ·G ' − 1
εg
ρ(e)f − 1

εg
∇ ·P (1)

1
4c∇×H− 1

c2
∂tG ' −µgJ(e)f + µg∇×M + µg∂tP , (2)

very much like the electromagnetic field equations in matter,

∇ ·E = 1
ε0
ρf − 1

ε0
∇ ·P (3)

∇×B− 1
c2
∂tE = µ0Jf + µ0∇×M + µ0∂tP. (4)

We also discuss the meaning of the differences between these equations. In the preparation work, we
linearize all the tensors and the Christoffel connection symbols, which takes care of assumption 1 above,
by taking the metric to be the Minkowski metric plus a perturbation. In section 6 we apply the second
assumption.

Furthermore, in section 7 we show that the geodesic equation for particle trajectories in space-time,

dpµ

dλ
+ Γµρσp

ρpσ = 0,

becomes the “gravito-Lorentz” force,

dp
dt = FgL = E

[
G +

(
v
c ×H

)]
,

analogous to the electromagnetic Lorentz force:

dp
dt = FL = Q

[
E + (v ×B)

]
.

And finally, in section 8, we do an example problem dealing with the Lense-Thirring effect, which relates
to “inertial frame dragging” in general relativity.

2 Notation

We use 4

∂2 = ∂µ∂
µ = −∂0

2 + ∂1
2 + ∂2

2 + ∂3
2 = − 1

c2
∂t

2 + ∂x
2 + ∂y

2 + ∂z
2 = −∂0

2 +∇2

3To be more accurate, we should use a word like “acceleration” rather than change, since “slow change” implies small first
derivative with respect to time.

4Sometimes ∂2 is written as �, in analogy to ∆, and sometimes it’s written as �2, in analogy to ∇2, usually in physics
settings. I prefer the �2 notation because it reveals its squared nature (while the box itself reveals its four-variable nature).
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Ke ≡
1

4πε0
and Km ≡

µ0

4π

We use h̄ to denote some form of contraction of the tensor h, for example, taking the “pseudo-trace”
of hµν : h̄ = h µ

µ = gµρhρµ; or the following contraction: h̄β ε
γ = h β αε

α γ = gαδh β ε
α γδ . We will thus put

bars over the Riemann tensor symbol (R) to denote the Ricci tensor (R̄) and Ricci scalar ( ¯̄R) and over the
Einstein tensor symbol (G) to denote the Einstein scalar (Ḡ), showing that they are contractions. We will
use GN for Newton’s gravitational constant (except when accompanied by a mass M):

Ḡ = Gµµ 6= G 6= GN

GM ≡ GNM

Also, we will use G and Gi to denote the gravito-electric field. With these notations, the only ambiguity
is between the Einstein tensor G (when writing it without super- or subscripts) and the magnitude of the
gravito-electric field |G| = G (which I think does not turn up in this document), so long as they are not
multiplied by a mass M .

3 The Metric, Perturbation, and Potentials

We may describe the metric g as the Minkowski metric η = diag(−1, 1, 1, 1) plus a perturbation h, where∣∣hµν∣∣� 1 for some appropriately chosen coordinate system:

gµν = ηµν + hµν

The inverse is
gµν ' ηµν − hµν

since

gµνg
νρ ' (ηµν + hµν)(ηνρ − hνρ)

= δρµ +����hµνη
νρ −����ηµνh

νρ + hµνh
νρ

= δρµ +��
��HH
HHO(h2)

We will decompose h into components that later be seen as analogous to the electric scalar potential and
magnetic vector potential under the appropriate circumstances. This “potentials decomposition” of h is
the following:

hµν =


−2Φ w1 w2 w3

w1 2(s11 −Ψ) 2s12 2s13

w2 2s21 2(s22 −Ψ) 2s23

w3 2s31 2s32 2(s33 −Ψ)


µν

=

(
−2Φ wj
wi 2(sij −Ψδij)

)
µν

=

(
−2Φ wj
wi hij

)
µν

where h and s are symmetric since g and η are symmetric, and

Ψ ≡ −1
6h

i
i

sij ≡ 1
2

(
hij − 1

3h
k
kδij

)
= 1

2hij + Ψδij
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so that s is traceless: s̄ = s11 + s22 + s33 = δijsij = 1
2(δijhij − 1

3δ
ijh k

k δij) = 1
2(h j

j − h k
k ) = 0. Note that

h i
i = δijhji = −6Ψ 6= h̄ = h µ

µ ' ηµνhνµ and that h̄ cannot be called the trace of h, although it might be
called the pseudo-trace of h. We have

h̄ = hµµ

= gµνhνµ

' ηµνhνµ (equality to first order in h)
= −h00 + h11 + h22 + h33

= 2Φ + 2(s11 −Ψ) + 2(s22 −Ψ) + 2(s33 −Ψ)
= 2(Φ + �̄s− 3Ψ)
= 2(Φ− 3Ψ)

Also, for reference, we have h00 = −2Φ, h0i = wi, and hij = 2(sij −Ψδij).

3.1 Dimensional Analysis

Note that g = gµνdxµdxν . While the metric tensor gµν is a dimensionless type-(0,2) tensor field, the metric
g is an area-valued 2-form field. 5

3.2 Notable Metrics

The general, linearized metric is

g = −(1 + 2Φ)c2dt2 + 2wi dt dxi +
[
(1− 2Ψ)δij + 2sij

]
dxidxj

Given that Ψ = Φ and s = 0,

g = −(1 + 2Φ)c2dt2 + (1− 2Φ)(dx2 + dy2 + dz2)

The Schwarzschild metric is

g = −
(

1− 2GM
r

)
c2dt2 +

(
1− 2GM

r

)−1
dr2 + r2dΩ2

5Are both g and gµν called “the metric tensor”? If so, what would be a good way to verbally distinguish them?
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4 The Connection and Tensors of Interest

In terms of the perturbation h, and to first order in h, we have that the Christoffel connection Γ, Riemann
tensor R, Ricci tensor R̄, Ricci scalar ¯̄R, and Einstein tensor G are

Γρµν = 1
2g
ρλ(∂µgνλ + ∂νgλµ − ∂λgµν)

' 1
2η
ρλ(∂µhνλ + ∂νhλµ − ∂λhµν)

Rρµσν = ∂σΓρνµ − ∂νΓρσµ +���
�XXXXΓρσλΓλνµ −���

�XXXXΓρνλΓλσµ
' ∂σΓρνµ − ∂νΓρσµ

' ∂σ

(
1
2η
ρλ(���∂νhµλ + ∂µhλν − ∂λhνµ)

)
− ∂ν

(
1
2η
ρλ(���∂σhµλ + ∂µhλσ − ∂λhσµ)

)
= 1

2η
ρλ
(
∂σ∂µhλν − ∂σ∂λhνµ − ∂ν∂µhλσ + ∂ν∂λhσµ

)
= 1

2

(
∂σ∂µh

ρ
ν − ∂σ∂ρhνµ − ∂ν∂µhρσ + ∂ν∂

ρhσµ
)

R̄µν = Rρµρν

' 1
2

(
∂ρ∂µh

ρ
ν − ∂ρ∂ρhνµ − ∂ν∂µhρρ + ∂ν∂

ρhρµ

)
= 1

2

(
∂ρ∂µh

ρ
ν − ∂2hνµ − ∂ν∂µh̄+ ∂ν∂ρh

ρ
µ

)
= 1

2

(
∂ρ∂µh

ρ
ν + ∂ρ∂νh

ρ
µ − ∂µ∂ν h̄− ∂2hµν

)
(rearranging and using symmetry of hµν)

¯̄R = Rνν

' 1
2

(
∂ρ∂

νhρν + ∂ρ∂νh
ρν − ∂ν∂ν h̄− ∂2h ν

ν

)
= 1

2

(
∂ρ∂

νhρν + ∂ρ∂νh
ρ
ν − ∂2h̄− ∂2h̄

)
= ∂ρ∂

νhρν − ∂2h̄

= ∂µ∂νh
µν − ∂2h̄ (rearranging and renaming indices)

Gµν = R̄µν − 1
2gµν

¯̄R

' R̄µν − 1
2ηµν

¯̄R

= 1
2

(
∂ρ∂µh

ρ
ν + ∂ρ∂νh

ρ
µ − ∂µ∂ν h̄− ∂2hµν

)
− 1

2ηµν

(
∂µ∂νh

µν − ∂2h̄
)

= 1
2

(
∂ρ∂µh

ρ
ν + ∂ρ∂νh

ρ
µ − ∂µ∂ν h̄− ∂2hµν − ηµν∂ρ∂λhρλ + ηµν∂

2h̄
)

We could also derive this linearized Einstein tensor by varying the following Lagrangian with respect to
the perturbation hµν :

L = 1
2

[
(∂µhµν)(∂ν h̄)− (∂µhρσ)(∂ρhµσ) + 1

2η
µν(∂µhρσ)(∂νhρσ)− 1

2η
µν(∂µh̄)(∂ν h̄)

]
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In terms of the “potentials decomposition” of h, we have

Γρµν ' 1
2η
ρλ(∂µhνλ + ∂νhλµ − ∂λhµν)

Γ0
00 ' 1

2η
00(∂0h00 +���∂0h00 −���∂0h00)

= ∂0Φ
Γi00 ' 1

2η
ii(∂0h0i + ∂0hi0 − ∂ih00)

= ∂iΦ + ∂0h0i

= ∂iΦ + ∂0wi

Γ0
j0 ' 1

2η
00(∂jh00 +��

�∂0h0j −��
�∂0hj0)

= ∂jΦ
Γij0 ' 1

2η
ii(∂jh0i + ∂0hij − ∂ihj0)

= 1
2 (∂jwi + ∂0hij − ∂iwj)

= ∂[jwi] + 1
2∂0hij

Γ0
jk ' 1

2η
00(∂jhk0 + ∂kh0j − ∂0hjk)

= − 1
2 (∂jwk + ∂kwj − ∂0hjk)

= −∂(jwk) + 1
2∂0hjk

Γijk ' 1
2η
ii(∂jhki + ∂khij − ∂ihjk)

= ∂(jhk)i − 1
2∂ihjk

Rτµσν = gτρR
ρ
µσν

' (ητρ +��ZZhτρ)(∂σΓρνµ − ∂νΓρσµ)
= ητρ(∂σΓρµν − ∂νΓρµσ)

R0j0l ' η00(∂0Γ0
jl − ∂lΓ0

j0)

= −
(
∂0

(
−∂(jwl) + 1

2∂0hjl

)
− ∂l(∂jΦ)

)
= ∂j∂lΦ + ∂0∂(jwl) − 1

2∂0
2hjl

R0jkl ' η00(∂kΓ0
jl − ∂lΓ0

jk)

= −
(
∂k

(
−∂(jwl) + 1

2∂0hjl

)
− ∂l

(
−∂(jwk) + 1

2∂0hjk

))
= ∂k∂(jwl) − 1

2∂k∂0hjl − ∂l∂(jwk) + 1
2∂l∂0hjk

= 1
2∂k(∂jwl +���∂lwj)− 1

2∂l(∂jwk +��
�∂kwj) + 1

2 (∂l∂0hjk − ∂k∂0hjl)
= 1

2 (∂k∂jwl − ∂l∂jwk) + ∂0
1
2 (∂lhkj − ∂khlj)

= ∂j
1
2 (∂kwl − ∂lwk) + ∂0∂[lhk]j

= ∂j∂[kwl] + ∂0∂[lhk]j

Rijkl ' ηii(∂kΓijl − ∂lΓijk)

= ∂k(∂(jhl)i − 1
2∂ihjl)− ∂l(∂(jhk)i − 1

2∂ihjk)

= ∂k∂(jhl)i − 1
2∂k∂ihjl − ∂l∂(jhk)i + 1

2∂l∂ihjk

= ∂k
1
2 (∂jhli +��

�∂lhji)− ∂l 12 (∂jhki +��
�∂khji) + 1

2 (∂l∂ihjk − ∂k∂ihjl)
= ∂j

1
2 (∂khli − ∂lhki) + ∂i

1
2 (∂lhkj − ∂khlj)

= ∂j∂[khl]i + ∂i∂[lhk]j
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R̄µν = Rρµρν

R̄00 = Rρ0ρ0

= R0
000 +R1

010 +R2
020 +R3

030

' −R0000 +R1010 +R2020 +R3030 (lowering indices with η, thereby keeping only terms first order in h)
= ���R0000 +R0101 +R0202 +R0303 (by antisymmetry in last pair and first pair)

'
(
∂1∂1Φ + ∂0∂(1w1) − 1

2∂0∂0h11

)
+
(
∂2∂2Φ + ∂0∂(2w2) − 1

2∂0∂0h22

)
+
(
∂3∂3Φ + ∂0∂(3w3) − 1

2∂0∂0h33

)
= ∇2Φ + ∂0∂1w1 + ∂0∂2w2 + ∂0∂3w3 − 1

2∂0
2(h11 + h22 + h33)

= ∇2Φ + ∂0∇ ·w − ∂0
2
(
(s11 −Ψ) + (s22 −Ψ) + (s33 −Ψ)

)
= ∇2Φ + ∂0∇ ·w − ∂0

2
(
�̄s− 3Ψ

)
= ∇2Φ + ∂0∇ ·w + 3∂0

2Ψ
R̄0j = Rρ0ρj

= R0
00j +R1

01j +R2
02j +R3

03j

' �
��R000j +R101j +R202j +R303j

= −R011j −R022j −R033j

' −
(
∂1∂[1wj] + ∂0∂[jh1]1

)
−
(
∂2∂[2wj] + ∂0∂[jh2]2

)
−
(
∂3∂[3wj] + ∂0∂[jh3]3

)
= −

(
∂1∂[1wj] + ∂2∂[2wj] + ∂3∂[3wj]

)
− ∂0

(
∂[jh1]1 + ∂[jh2]2 + ∂[jh3]3

)
= − 1

2

(
∂1∂1wj + ∂2∂2wj + ∂3∂3wj

)
+ 1

2

(
∂1∂jw1 + ∂2∂jw2 + ∂3∂jw3

)
− 1

2∂0

(
∂jh11 + ∂jh22 + ∂jh33

)
+ 1

2∂0

(
∂1hj1 + ∂2hj2 + ∂3hj3

)
= − 1

2∇
2wj + 1

2∂j∇ ·w −
1
2∂0(∂jhkk − ∂kh k

j )

= − 1
2∇

2wj + 1
2∂j∇ ·w −

1
2∂0

(
−6∂jΨ− 2∂k(s k

j − δkjΨ)
)

= − 1
2∇

2wj + 1
2∂j∇ ·w + ∂0

(
3∂jΨ + ∂ks

k
j − ∂jΨ

)
= − 1

2∇
2wj + 1

2∂j∇ ·w + ∂0∂ks
k
j + 2∂0∂jΨ

R̄ij = Rρiρj

= R0
i0j +R1

i1j +R2
i2j +R3

i3j

' −R0i0j +R1i1j +R2i2j +R3i3j

' −
(
∂i∂jΦ + ∂0∂(iwj) − 1

2∂0
2hij

)
+
(
∂i∂[1hj]1 + ∂1∂[jh1]i

)
+
(
∂i∂[2hj]2 + ∂2∂[jh2]i

)
+
(
∂i∂[3hj]3 + ∂3∂[jh3]i

)
=

(
−∂i∂jΦ− ∂0∂(iwj) + 1

2∂0
2hij

)
+ ∂i

(
∂[1hj]1 + ∂[2hj]2 + ∂[3hj]3

)
+
(
∂1∂[jh1]i + ∂2∂[jh2]i + ∂3∂[jh3]i

)
=

(
−∂i∂jΦ− ∂0∂(iwj) + 1

2∂0
2hij

)
+ ∂i

1
2 (∂1hj1 + ∂2hj2 + ∂3hj3)− ∂i 12 (∂jh11 + ∂jh22 + ∂jh33)

+ 1
2 (∂1∂jh1i + ∂2∂jh2i + ∂3∂jh3i)− 1

2 (∂1∂1hji + ∂2∂2hji + ∂3∂3hji)

=
(
−∂i∂jΦ− ∂0∂(iwj) + 1

2∂0
2hij

)
+ 1

2∂i∂kh
k
j − 1

2∂i∂jδ
klhkl + 1

2∂j∂kh
k
i − 1

2∇
2hij

= −∂i∂jΦ− ∂0∂(iwj) − 1
2∂

2hij + ∂k∂(ihj)
k − 1

2∂i∂jδ
klhkl

= −∂i∂jΦ− ∂0∂(iwj) − 1
2∂

22(sij −Ψδij) + ∂k2
(
∂(isj)

k − ∂(iδ
k
j)Ψ
)
− 1

2∂i∂j(−6Ψ)

= −∂i∂jΦ− ∂0∂(iwj) − ∂2sij + ∂2Ψδij + 2∂k∂(isj)
k − (∂k∂iδkjΨ + ∂k∂jδ

k
i Ψ) + 3∂i∂jΨ

= −∂i∂jΦ− ∂0∂(iwj) − ∂2sij + ∂2Ψδij + 2∂k∂(isj)
k − 2∂i∂jΨ + 3∂i∂jΨ

= −∂i∂j(Φ−Ψ)− ∂0∂(iwj) − ∂2sij + 2∂k∂(isj)
k + ∂2Ψδij
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¯̄R = Rµµ

= R0
0 +Rii

' −R00 +Rii (to first order in h)

' −
(
∇2Φ + ∂0∇ ·w + 3∂0

2Ψ
)

+
(
−∂i∂i(Φ−Ψ)− ∂0∂

(iwi) − ∂2
��s
i
i + 2∂k∂(isi)

k + ∂2Ψδii
)

= −∇2Φ− ∂0∇ ·w − 3∂0
2Ψ−∇2(Φ−Ψ)− ∂0∇ ·w + 2∂k∂is ki + 3∂2Ψ

= −∇2(2Φ−Ψ)− 2∂0∇ ·w − 3∂0
2Ψ + 2∂k∂isik − 3(∂0

2 −∇2)Ψ
= −2∇2(Φ− 2Ψ)− 2∂0∇ ·w + 2∂k∂isik − 6∂0

2Ψ

= 2
(
−∇2(Φ− 2Ψ)− ∂0∇ ·w + ∂i∂js

ij − 3∂0
2Ψ
)

and

Gµν = R̄µν − 1
2gµν

¯̄R

' R̄µν − 1
2ηµν

¯̄R

G00 ' R̄00 − 1
2η00

¯̄R

'
(
��
�∇2Φ +���

�∂0∇ ·w +���3∂0
2Ψ
)

+ 1
22
(
−∇2(�Φ− 2Ψ)−����∂0∇ ·w + ∂i∂js

ij −���3∂0
2Ψ
)

= 2∇2Ψ + ∂i∂js
ij

G0j ' R̄0j − 1
2��η0j

¯̄R

' − 1
2∇

2wj + 1
2∂j∇ ·w + ∂0∂ks

k
j + 2∂0∂jΨ

Gij ' R̄ij − 1
2ηij

¯̄R

'
(
−∂i∂j(Φ−Ψ)− ∂0∂(iwj) − ∂2sij + 2∂k∂(isj)

k + ∂2Ψδij
)

− 1
2δij2

(
−∇2(Φ− 2Ψ)− ∂0∇ ·w + ∂k∂ls

kl − 3∂0
2Ψ
)

= −∂i∂j(Φ−Ψ)− ∂0∂(iwj) − ∂2sij + 2∂k∂(isj)
k + δij(−∂0

2 +∇2)Ψ

δij∇2(Φ− 2Ψ) + δij∂0∇ ·w − δij∂k∂lskl + 3δij∂0
2Ψ

= −∂i∂j(Φ−Ψ)− ∂0∂(iwj) − ∂2sij + 2∂k∂(isj)
k − δij∂0

2Ψ

δij∇2(Φ−Ψ) + δij∂0∇ ·w − δij∂k∂lskl + 3δij∂0
2Ψ

= (δij∇2 − ∂i∂j)(Φ−Ψ) + δij∂0∇ ·w − ∂0∂(iwj) − δij∂k∂lskl − ∂2sij + 2∂k∂(isj)
k + 2δij∂0

2Ψ

4.1 Dimensional Analysis

Note that the Christoffel connection6 (symbol) Γijk has dimensions of inverse length and that the Riemann
tensor R µσν

ρ , Ricci tensor R̄µν , Ricci scalar ¯̄R, and Einstein tensor Gµν all have dimensions of inverse area.

5 The Linearized Einstein Field Equation

The Einstein field equation(s) is (are)

Gµν =
8πGN

c4
Tµν

or
Gµν = κTµν

6Is there such a thing as the abstract Christoffel connection Γ that is distinct from the Christoffel connection (symbol)
Γijk?
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where κ ≡ 8πGN/c
4. Since the stress tensor is defined as Tµν , the right-hand side contains a factor

quadratic in the metric: Tµν = gµαgνβT
αβ.

Now, writing this (nonlinear) field equation out in terms of the metric, we get

Gµν = R̄µν − 1
2gµν

¯̄R
= R̄µν − 1

2gµνR̄
µ
µ

= Rρµρν − 1
2gµνR

ρ
µρµ

=
{
∂ρΓρνµ − ∂νΓρρµ + ΓρρλΓλνµ − ΓρνλΓλρµ

}
− 1

2gµν

{
∂ρΓρµµ − ∂µΓρρµ + ΓρρλΓλµµ − ΓρµλΓλρµ

}
= 1

2

{
∂ρ
[
gρτ (∂νgµτ + ∂µgτν − ∂τgνµ)

]
− ∂ν

[
gρτ (∂ρgµτ + ∂µgτρ − ∂τgρµ)

]
+1

2g
ρτ (∂ρgλτ + ∂λgτρ − ∂τgρλ)gλτ (∂νgµτ + ∂µgτν − ∂τgνµ)

−1
2g
ρτ (∂νgλτ + ∂λgτν − ∂τgνλ)gλτ (∂ρgµτ + ∂µgτρ − ∂τgρµ)

}
−1

4gµν

{
∂ρ
[
gρτ (∂µgµτ + ∂µgτµ − ∂τgµµ)

]
− ∂µ

[
gρτ (∂ρgµτ + ∂µgτρ − ∂τgρµ)

]
+1

2g
ρτ (∂ρgλτ + ∂λgτρ − ∂τgρλ)gλτ (∂µgµτ + ∂µgτµ − ∂τgµµ)

−1
2g
ρτ (∂µgλτ + ∂λgτµ − ∂τgµλ)gλτ (∂ρgµτ + ∂µgτρ − ∂τgρµ)

}
= κgµαgνβT

αβ

If we take our weak-field approximation gµν = ηµν + hµν , where
∣∣hµν∣∣ � 1 for some appropriately chosen

coordinate system, and linearize the Einstein equation, we get

Gµν ' 1
2

{
ηρτ∂ρ(∂νhµτ + ∂µhτν − ∂τhνµ)− ηρτ∂ν(∂ρhµτ + ∂µhτρ − ∂τhρµ)

}
= 1

2

(
∂ρ∂µh

ρ
ν + ∂ρ∂νh

ρ
µ − ∂µ∂ν h̄− ∂2hµν − ηµν∂ρ∂λhρλ + ηµν∂

2h̄
)

' κ
(
ηµαηνβ +����XXXXhµαηνβ +����XXXXηµαhνβ +����XXXXhµαhνβ

)
Tαβ

= κηµαηνβT
αβ

where the second line is obtained from the work done in the previous section. Again using our previous
work, we can write the linearized Einstein equations in terms of the potentials:

G00 ' 2∇2Ψ + ∂i∂js
ij

' κT 00 (5)
G0j ' −1

2∇
2wj + 1

2∂j∇ ·w + ∂0∂ks
k
j + 2∂0∂jΨ

' −κT 0j (6)
Gij ' (δij∇2 − ∂i∂j)(Φ−Ψ) + δij∂0∇ ·w − ∂0∂(iwj) − δij∂k∂lskl − ∂2sij + 2∂k∂(isj)

k + 2δij∂0
2Ψ

' κT ij (7)

These equations are reëxpressed in particular gauges at the end of the next section, after the parallels with
electromagnetism are drawn.

5.1 Dimensional Analysis

Consider
Gµν =

8πGN

c4
gµαgνβT

αβ = κgµαgνβT
αβ
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Note that since Gµν has dimensions of inverse area, GN has dimensions of force-area per squared mass,
κ has dimensions of (force)(time)4/(area)(mass)2, and gµν is dimensionless, Tµν must have dimensions of
energy per volume (energy density), which is the same as force per area (pressure):

[κ][gµα][gνβ ][Tαβ] =

(
(force)(time)4

(area)(mass)2

)
(1)(1)

(
force
area

)
=
(

force
(force)2

)(
force
area

)
=

1
(area)

= [Gµν ]

6 Gravito-Electromagnetism

If we impose two certain conditions on the matter and energy in spacetime, we will see that the Einstein
and Maxwell equations are almost exactly the same. Given that we have

(1) low mass-energy density or weak gravitational fields (so we may linearize the Einstein equations)

(2) slow changes7 in matter-energy (so we may neglect second order time derivatives)

we will find the similarity after some mathematical manipulation.
The linear Einstein equations are

G00 ' 2∇2Ψ + ∂i∂js
ij

' κT 00

G0j ' −1
2∇

2wj + 1
2∂j∇ ·w + ∂0∂ks

k
j + 2∂0∂jΨ

' −κT 0j

Gij ' (δij∇2 − ∂i∂j)(Φ−Ψ) + δij∂0∇ ·w − ∂0∂(iwj) − δij∂k∂lskl − ∂2sij + 2∂k∂(isj)
k +���

��XXXXX2δij∂0
2Ψ

' κT ij

If we define Sk ≡ ∂ls
lk, so that ∂i∂jsij = ∂iSi = ∇ ·S, and ∂ksj

k = Sj , and ∂k∂(isj)
k = ∂(iSj), then we

may rewrite the above equations as

G00 ' 2∇2Ψ + ∇ ·S
' κT 00

G0j ' −1
2∇

2wj + 1
2∂j∇ ·w + ∂0Sj + 2∂0∂jΨ

' −κT 0j

Gij ' (δij∇2 − ∂i∂j)(Φ−Ψ) + δij∂0∇ ·w − ∂0∂(iwj) − δij∇ ·S − ∂2sij + 2∂(iSj) +���
��XXXXX2δij∂0
2Ψ

' κT ij

Taking the trace of the third equation and defining 〈p〉 ≡ 1
3T i

i , we see we have

Gii ' (3∇2 −∇2)(Φ−Ψ) + 3∂0∇ ·w − ∂0∇ ·w − 3∇ ·S −��∂2s̄+ 2∂(iSi)
= (3∇2 −∇2)(Φ−Ψ) + 2∂0∇ ·w − 3∇ ·S + 2∇ ·S
= 2∇2(Φ−Ψ) + 2∂0∇ ·w −∇ ·S
' κT ii

= κ3〈p〉
7To be more accurate, we should use a word like “acceleration” rather than change, since “slow change” implies small first

derivative with respect to time.
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so that ∇2Ψ = ∇2Φ + ∂0∇ ·w− 1
2∇ ·S − κ3

2〈p〉, and therefore ∇Ψ = ∇Φ + ∂0w− 1
2S − 1

εg
P − 1

εg
∇×C,

where εg is a constant to be defined later, C is an arbitrary vector field, and

1
εg

P(r) ≡ 1
4π

∫
R3

κ3
2〈p〉(r

′)
R
R3

dv′ so that 1
εg

∇ ·P = κ3
2〈p〉

with R = |R| ≡
∣∣r− r′

∣∣. Then, rewriting the equations for G00 and G0j ,

2
(
∇2Φ + ∂0∇ ·w −��

��1
2∇ ·S − 1

εg
∇ ·P

)
+���∇ ·S ' κT 00

−1
2∇

2wj + 1
2∂j∇ ·w + ∂0Sj + 2∂0

(
∂jΦ + ∂0wj − 1

2Sj −
1
εg
Pj − 1

εg
(∇×C)j

)
' −κT 0j

−1
2∇

2wj + 1
2∂j∇ ·w +��

�∂0Sj + 2∂0∂jΦ +����XXXX2∂0
2wj −���∂0Sj ' −κT 0j + 2 1

εg
∂0(∇×C)j + 2 1

εg
∂0Pj

or, rearranging and dividing by 2,

−∇2Φ− 1
c∂t∇ ·w ' −4πGN

c4
T 00 − 1

εg
∇ ·P

1
c∂t∂jΦ + 1

4∂j∇ ·w −
1
4∇

2wj ' −4πGN
c4

T 0j + 1
εg

1
c∂t(∇×C)j + 1

εg
1
c∂tPj

Now let’s take a look at the electromagnetic potential equations and see how similar they look to the
two gravitational potential equations immediately above.

−∇2V − ∂t∇ ·A = 1
ε0
ρ− 1

ε0
∇ ·P

1
c2
∂t∇V + ∇(∇ ·A)− ∂2A = µ0J + µ0∇×M + µ0∂tP
1
c2
∂t∂jV + ∂j∇ ·A− ∂2Aj = µ0Jj + µ0(∇×M)j + µ0∂tPj

To make the gravitational equations more like the electromagnetic ones, we can add 1
4∂0

2wj on the left of
the second equation (which will combine with the −∇2wj term to yield a −∂2wj term) since it is negligible
by assumption, and let’s define

M ≡ ∂tC

which is just as arbitrary as the arbitrary vector field C.
And now, let’s finish the transformation by figuring out how the constants should relate. Using Newton’s

law of gravitation and Coulomb’s law, we compare F = Keq1q2/r
2 and F = GNm1m2/r

2 and see GN =
Kge = 1/4πεg. Since ε0µ0 = c−2 = Km/Ke, we have GN = c2Kgm = c2µg/4π. So the gravitation equations
become (after dividing the second one by c)

−∇2Φ− 1
c∂t∇ ·w ' − 1

c4εg
T 00 − 1

εg
∇ ·P

1
c2
∂t∂jΦ + 1

4c∂j∇ ·w −
1
4c∂

2wj ' − c2µg

c5
T 0j + 1

εg
1
c2

(∇×M)j + 1
εg

1
c2
∂tPj

A final rearranging yeilds a Maxwellian form of the (slowly changing) linear Einstein potential field equa-
tions

−∇2Φ− ∂t∇ ·
(
w
c

)
' − 1

εg

(
T 00

c4

)
− 1

εg
∇ ·P (8)

1
c2
∂t∂jΦ + 1

4

[
∂j∇ ·

(
w
c

)
− ∂2

(wj
c

)]
' −µg

(
cT

0j

c4

)
+ µg(∇×M)j + µg∂tPj (9)

which you can see are very similar to the Maxwell potential field equations

−∇2V − ∂t∇ ·A = 1
ε0
ρf − 1

ε0
∇ ·P (10)

1
c2
∂t∂jV + ∂j∇ ·A− ∂2Aj = µ0J

f
j + µ0(∇×M)j + µ0∂tPj (11)
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Of course, if we define the gravito-electric field G and the gravito-magnetic field H

G ≡ −∇Φ− 1
c∂tw and H ≡∇×w

as analogues to the electric field E and the magnetic field B

E = −∇V − ∂tA and B = ∇×A

and we define the “free” (non-gravitational) energy8 density ρ(e)f and “free” energy current density J(e)f

by

ρ(e)f ≡ T 00

c4
and (J(e)f)j ≡ cT

0j

c4

then we gain the gravito-electromagnetic field equations

∇ ·G ' − 1
εg
ρ(e)f − 1

εg
∇ ·P (12)

1
4c∇×H− 1

c2
∂tG ' −µgJ(e)f + µg∇×M + µg∂tP (13)

very much like the electromagnetic field equations

∇ ·E = 1
ε0
ρf − 1

ε0
∇ ·P (14)

∇×B− 1
c2
∂tE = µ0Jf + µ0∇×M + µ0∂tP (15)

The factor of 1/4c arises since

1
4c∇×H− 1

c2
∂tG ' 1

4c∇×∇×w − 1
c2
∂t

(
−∇Φ− 1

c∂tw
)

= 1
4c∇(∇ ·w)− 1

4c∇
2w + 1

c2
∂t∇Φ +

��
��HHHH

1
c3
∂t

2w

' 1
4

[
∇(∇ · wc )−∇2 w

c

]
+ 1

c2
∂t∇Φ

' 1
4

[
∇(∇ · wc )− ∂2 w

c

]
+ 1

c2
∂t∇Φ

' −µgJ(e) + µg∇×M + µg∂tP

So, the equations are very similar, but what do the differences mean? One difference is the changes
in signs, which is easily explained: in electromagnetism like charges repel but in gravitation like charges
(positive masses) attract. Another difference is presence of the factors of c. I’m not yet sure how to explain
this. 9 There is also the factor of 4: what Wikipedia says in the article on Gravitoelectromagnetism10

seems to suggest that this has to do with the spin of the graviton. Finally, there is the task of discovering
in what sense ρ(e)f and J(e)f are “free”, interpreting what P and M mean, and determining why M is
arbitrary (or at least seems to be arbitrary). Apparently, P has to do with “bound” energy, but I’m not
sure how to check that yet. And M appears to do with “bound” circulating mass, or angular momentum,
perhaps including quantum mechanical inertial spin, if it exists.

6.1 Differences Between EM and GEM Equations

(1) signs (gravitation is only attractive, mass is only positive)
(2) factors of c (trivial?)
(3) factor of 4 (spin-2 graviton?)

8Since T 00 and T 0j have dimensions of energy density, this terminology of “energy density” is not quite right.
9We may have to do some constant shuffling to get a more ideal and analogous combination. It may be that the SI definition

of B or A is not ideal since we have E = −∇V − ∂tA rather than E = −∇V − 1
c
∂tA.

10Wikipedia “Gravitoelectromagnetism” article URI: http://en.wikipedia.org/wiki/Gravitoelectromagnetism
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6.2 Issues to Resolve

(1) the meaning of ρ(e)f and J(e)f (“free”?)
(2) the meaning of P (“bound” energy?)
(3) the meaning of the seemingly arbitrary M (“bound” angular momentum, spin?)

6.3 Gauge Freedom in Potentials

Let’s compare the gravitational and electromagnetic gauge transformations (using the gravitational gauge11

ξµ(t, x) and the electromagnetic gauge λ(t, x)) and then look at some particular gauge choices.

Φ → Φ + ∂0ξ
0 V → V − ∂tλ

wi → wi + ∂0ξ
i − ∂iξ0 Ai → Ai + ∂iλ

Ψ → Ψ− 1
3∂iξ

i

sij → sij + ∂(iξj) − 1
3∂kξ

kδij

• Transverse Gauge: (generalization of the conformal Newtonian or Poisson gauge, closely related to
Coulomb gauge in electrodynamics)

∂iw
i = 0 (analogue of Coulomb gauge, ∂iAi = 0)

∂is
ij = 0

Linearized Einstein Field Equations in Transverse Gauge:

G00 ' 2∇2Ψ
' κT 00

G0j ' −1
2∇

2wj + 2∂0∂jΨ
' −κT 0j

Gij ' (δij∇2 − ∂i∂j)(Φ−Ψ)− ∂0∂(iwj) + 2δij∂0
2Ψ− ∂2sij

' κT ij

• Synchronous gauge: (equivalent to Gaussian normal coordinates, “as discussed in Appendix D”; grav-
itational analogue of the temporal gauge of electrodynamics A0 = 0, since it kills off the nonspatial
components of the perturbation)

Φ = 0

• Lorenz / harmonic gauge: (note h̄ ' ηµνhµν)

∂µh
µ
ν − 1

2∂ν h̄ = 0

7 The Geodesic Equation and Gravito-Lorentz Force

A test particle in free-fall (where there are only gravitational forces) will follow a geodesic:

dpµ

dλ
+ Γµρσp

ρpσ = 0

11Is ξµ a “4-gauge”?
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We also have that

pµ = dxµ

dλ = mdxµ

dτ

p0 = c dt
dλ = E/c

pi = m dt
dτ

dxi

dt = γmvi = Evi/c2

where λ is an affine parameter (related to the proper time by an affine transformation), and λ = τ/m and
E = γmc2 if the particle is massive. 12

So the geodesic equation can be rewritten, emulating Newton’s second law,

dpµ

dt = dλ
dt

dpµ

dλ

= −c
2

E
Γµρσp

ρpσ

dE
dt = cdp0

dt = −c
3

E
Γ0
ρσp

ρpσ

= −c
3

E

[
Γ0

00p
0p0 + 2Γ0

j0p
jp0 + Γ0

jkp
jpk
]

= −c
3

E

[
(∂0Φ)(E/c)2 + 2(∂jΦ)(Evj/c2)(E/c) +

(
−∂(jwk) + 1

2∂0hjk

)
(Evj/c2)(Evk/c2)

]
= −cE

[
∂0Φ + 2(∂jΦ)vj/c−

(
∂(jwk) − 1

2∂0hjk

)
vjvk/c2

]
dpi

dt = −c
2

E
Γiρσp

ρpσ

= −c
2

E

[
Γi00p

0p0 + 2Γij0p
jp0 + Γijkp

jpk
]

= −c
2

E

[
(∂iΦ + ∂0wi)(E/c)2 + 2

(
∂[jwi] + 1

2∂0hij

)
(Evj/c2)(E/c)

+
(
∂(jhk)i − 1

2∂ihjk

)
(Evj/c2)(Evk/c2)

]
= −E

[
∂iΦ + ∂0wi + 2

(
∂[jwi] + 1

2∂0hij

)
vj/c+

(
∂(jhk)i − 1

2∂ihjk

)
vjvk/c2

]
This expression for dpi/dt simply shows the different kinds of forces that an observer will be able to detect
in his coordinate frame. Now, we may use gravito-electromagnetic field definitions to reëxpress these forces.

G ≡ −∇Φ− 1
c∂tw Gi ≡ −∂iΦ− ∂0w

i

H ≡ ∇×w H i ≡ ε̃ijk∂jwk

and since

H i = ε̃iab(δjkab − δ
jk
ba )∂jwk = ε̃iab(∂awb − ∂bwa)

(v ×H)i = ε̃ijkvjHk
abuse= ε̃ijkvjH

k

= ε̃ijkvj ε̃
klm∂lwm = ε̃klmε̃kij∂lwmvj = (δlmij − δlmji )∂lwmvj

= (∂iwj − ∂jwi)vj
abuse= (∂iwj − ∂jwi)vj

= (v ×∇×w)i

∂[jwi]v
j = 1

2(∂jwi − ∂iwj)vj = −1
2(v ×H)i

12What about light-like trajectories? What kind of parametrizations are possible?

14



we can restate and reformulate the geodesic equations like so:

dE
dt = −E

[
∂0Φ + 2(∂jΦ)vj/c−

(
∂(jwk) − 1

2∂0hjk

)
vjvk/c2

]
(16)

dpi

dt = E

[
−∂iΦ− ∂0wi − 2∂[jwi]v

j/c− ∂0hijv
j/c−

(
∂(jhk)i − 1

2∂ihjk

)
vjvk/c2

]
= E

[
Gi +

(
v
c ×H

)i − (∂0hij)vj/c−
(
∂(jhk)i − 1

2∂ihjk

)
vjvk/c2

]
(17)

Notice that for very slowly changing (in space and time) hij , Equation (17) is nearly identical to the
electromagnetic Lorentz force law:

dp
dt = FgL = E

[
G +

(
v
c ×H

)]
dp
dt = FL = Q

[
E + (v ×B)

]
The only difference this time is the factor of c in the magnetic term of the gravito-Lorentz force.

7.1 Dimensional Analysis

Note that we obtain the gravito-electric force

Fge = EG

(where E = γmc2 as defined earlier) from the gravito-Lorentz force and that this agrees dimensionally
with our definition of G

G ≡ −∇Φ− 1
c∂tw

which shows that G has dimensions of inverse length since Φ and w are dimensionless. 13

13If ∂tw = 0, the gravitational potential Φ tells you how much gravitational energy there is per (non-gravitational) energy
in spacetime. Correct? (How does the feedback or nonlinear idea of gravitational-field-becomes-source come into play?)
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8 A Simple Geometry: The Lense-Thirring Effect

Exercise 7.2 in Carroll [1] (pg 320): Consider a thin spherical shell of matter, with mass M and radius R,
slowly rotating with an angular velocity Ω.

(a) Show G = 0 (inside the shell) and calculate H = H(M,R,Ω).

(b) H 6= 0 ⇒ inertial frame dragging (Lense-Thirring effect)
Calculate the rotation (relative to the background Minkowski inertial frame) of a freely-falling ob-
server sitting at the center of the shell.

Solution to Part (a)

• Slowly rotating ⇒ RΩ� c

• We assume low mass-energy density
⇒ GEM eqns valid
⇒ We can use dust stress tensor (eqn 1.110): Tµν = ρuµuν

• From the shell, we have ρ = ρ0 δ(r −R) = Mc2

4πR2 δ(r −R)

uµ = γv(c,v)µ where v = RΩ Sθ so γv ' 1
'

(
c,RΩ Sθ 〈−Sφ,Cφ, 0〉

)µ
= c

(
1, RΩ

c Sθ 〈−Sφ,Cφ, 0〉
)µ

Tµν =
Mc4

4πR2
δ(r −R)


1 −RΩ

c Sθ Sφ RΩ
c SθCφ 0

−RΩ
c Sθ Sφ (RΩ

c )2 S2θ S2φ −(RΩ
c )2 S2θCφ Sφ 0

RΩ
c SθCφ −(RΩ

c )2 S2θCφ Sφ (RΩ
c )2 S2θC2φ 0

0 0 0 0



=
Mc4

4πR2
δ(r −R)


1 −RΩ

c Sθ Sφ RΩ
c SθCφ 0

−RΩ
c Sθ Sφ 0 0 0

RΩ
c SθCφ 0 0 0

0 0 0 0


Consider the linearized Einstein field equations in the transverse gauge, Equations (7.38)–(7.40):

G00 = 2∇2Ψ = κT 00

= 8πGN
M

4πR2
δ(r −R)

G0j = −1
2∇

2wj +���
�2∂0∂jΨ

= −κT 0j

Gij = (δij∇2 − ∂i∂j)(Φ−Ψ)−���
��∂0∂(iwj) +���

��2δij∂0
2Ψ− ∂2sij

= κT ij

= 0
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where κ ≡ 8πGN/c
4. The stress tensor Tµν is independent of time, so everything else should be likewise

and time-differentiated terms drop out.
After using separation of variables and the appropriate boundary conditions, we get the solutions for

the potentials:

Φ = Ψ =

{
−GM

R , for r < R

−GM
r , for r ≥ R

w1 =

{
4GMΩ

3R y, for r < R
4GMΩ

3R
R2

r3
y, for r ≥ R

w2 =

{
−4GMΩ

3R x, for r < R

−4GMΩ
3R

R2

r3
x, for r ≥ R

w3 = 0
sij = 0

G = −∇Φ−���HHH∂0w =

{
0, for r < R

−GM
r3

r, for r ≥ R

Inside the shell,

H = ∇×w =
〈
−���∂zw2,���∂zw1, (∂xw2 − ∂yw1)

〉
=

(
−4GMΩ

3R
− 4GMΩ

3R

)
ẑ

= −8GMΩ
3R

ẑ

Outside the shell,

H = ∇×w =
〈
−∂zw2, ∂zw1, (∂xw2 − ∂yw1)

〉
=

〈
−4GMΩ

R

R2

r5
zx,

4GMΩ
R

R2

r5
zy,

(
−4GMΩ

3R
− 4GMΩ

3R

)
R2

r3
+

(
4GMΩ
R

R2

r5
x2 +

4GMΩ
R

R2

r5
y2

)〉

=
4GMΩ
R

R2

r3

〈
−zx
r2
,
zy

r2
,−2

3
+

(x2 + y2)
r2

〉

Solution to Part (b)

Inside and at the center of the shell, we have an observer of mass m with energy E = γvmc
2 and

momentum p = mv.

dE
dt = −E

[
��
�HHH∂0Φ + 2(���HHH∂jΦ)vj/c−

(
∂(jwk) − 1

2∂0hjk

)
��

��XXXXvjvk/c2

]
' 0

dpi

dt = E

[
��@@G
i +
(

v
c
×H

)i
− (∂0��ZZhij)v

j/c−
(
∂(jhk)i − 1

2∂ihjk

)
���

�XXXXvjvk/c2

]

17



So the energy E of the particle is essentially constant and we have

dp
dt

= E
p
mc
×H =

E

mc
p×H

Since H is a constant vector in the −z-direction, we see that p is precessing: let p⊥ be the projection of
p on the x-y plane (perpendicular to H) so

dp⊥
dt =

E

mc
p⊥ ×H = Fcentripetal = mrrotω

2

d2p⊥
dt2

=
E

mc
dp⊥
dt ×H =

(
E

mc

)2

(p⊥ ×H)×H

= −
(
EH

mc

)2

p⊥

Thus, the angular frequency of the circular motion of the observer is

ω =
E

mc
|H| = E

mc

8GMΩ
3R

' mc2 + p2/2m
mc

8GMΩ
3R

= c
(

1 + v2/c2
) 8GMΩ

3R
(18)

and since
v⊥ = mrrotω

we have

rrot =
v⊥
m

1
ω

=
v⊥
m

mc

E

3R
8GMΩ

=
v⊥

mc(1 + v2/c2)
3R

8GMΩ
(19)

In obtaining rrot and ω we have found the rotation (relative to the background Minkowski inertial frame)
of a freely-falling observer sitting at the center of the shell. Note that the rotation is dependent upon the
initial velocity of the observer and there is no rotation if the observer is initially stationary.

9 Further Topics and Resources

Papers

• Brill and Cohen: Rotating Masses and Their Effect on Inertial Frames, Phys. Rev. 143, 1011 - 1015
(1966) [Issue 4 – March 1966]
• Cohen: Gravitational Collapse of Rotating Bodies, Phys. Rev. 173, 1258 - 1263 (1968) [Issue 5 –

September 1968]
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